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Abstract
We investigate strong coupling effects on the superfluid phase transition in
a gas of Fermi atoms with a Feshbach resonance. The Feshbach resonance
describes a composite quasi-Boson, which can give rise to an additional pair-
ing interaction between the Fermi atoms. This attractive interaction becomes
stronger as the threshold energy (2ν) of the Feshbach resonance two-particle
bound state is lowered. In a recent paper, we showed that in the uniform Fermi
gas, this tunable pairing interaction naturally leads to a BCS-BEC crossover
of the Nozie`res and Schmitt-Rink kind, in which the BCS-type superfluid
phase transition continuously changes into the BEC-type as the threshold en-
ergy is decreased. In this paper, we extend our previous work by including
the effect of a harmonic trap potential, treated within the local density ap-
proximation (LDA). We also give results for both weak and strong coupling to
the Feshbach resonance. We show that the BCS-BEC crossover phenomenon
strongly modifies the shape of the atomic density profile at the superfluid
phase transition temperature Tc, reflecting the change of the dominant parti-
cles going from Fermi atoms to composite Bosons. In the BEC regime, these
composite Bosons are shown to first appear well above Tc. We also discuss
the “phase diagram” above Tc as a function of the tunable threshold energy
2ν. We introduce a characteristic temperature T ∗(2ν) describing the effective
1
crossover in the normal phase from a Fermi gas of atoms to a gas of stable
molecules.
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I. INTRODUCTION
The search for the superfluid phase transition in a trapped gas of Fermi atoms is one
of the most exciting problems in current physics. [1] This involves the formation of BCS
Cooper-pairs made up of degenerate Fermions of two different species (“spin up” and “spin
down”). Degenerate Fermi gases have been realized in 40K [2] and 6Li. [3,4,5] Very recently,
a Feshbach resonance was observed in 40K working with the two hyperfine states |9/2,−9/2〉
and |9/2,−7/2〉. [6] In the Feshbach resonance, a quasi-molecular Boson is formed, which
can produce an attractive pairing interaction between two Fermi atoms of opposite spins.
[7,8,9,10,11] As a result, one expects a BCS-type superfluidity with a high phase transition
temperature Tc due to this strong attractive interaction. [9] However, such strong interaction
is also known to enhance fluctuations, which can strongly suppress Tc predicted by the
usual mean-field BCS theory. Thus the inclusion of these Cooper-pair channel fluctuations
is crucial in considering the high-Tc superfluidity induced by an atomic Feshbach resonance.
In a previous paper, [11] we have discussed how this fluctuation contribution affects
the superfluid phase transition temperature in a uniform Fermi gas, extending the theory
developed by Nozie`res and Schmitt-Rink: [12,13,14,15] We assume that N↑ = N↓, where Nσ
is the number of Fermi atoms with spin-σ, and that both Fermion components have the
same single-particle energy. As the threshold energy of the Feshbach resonance is lowered,
the character of the phase transition is found to continuously change from the BCS-type to
BEC-type. In the latter regime, Tc is strongly suppressed compared with the usual mean-
field BCS theory and it approaches Tc = 0.218TF in the BEC limit. (Here TF is the Fermi
temperature of the non-interacting spin-up Fermi gas.) We show that the stable Bosons
which appear as we enter the BEC regime are a strongly hybridized mixture of Feshbach
molecules and preformed Cooper-pairs. The Feshbach component of these Bosons dominates
the excitation spectrum in the BEC limit.
In this paper, we extend our previous work [11] by including the effect of a harmonic
trap potential. This extension is clearly necessary since all experiments on Fermi gases are
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done in some sort of trap potential. So far, the trapping potential has been examined within
the mean-field BCS theory using the simple local density approximation (LDA). [10] In this
paper, we also use the LDA but go past the mean-field approximation to include the effect
of particle-particle fluctuations. We show how the BCS-BEC crossover can be observed
from characteristic changes in the static atomic density profile, easily measured by standard
techniques.
Besides the phase transition temperature Tc, it is also important to understand how
strong-coupling fluctuation effects enter above Tc. In particular, it is an interesting problem
to clarify at what temperature the stable Feshbach molecules and preformed Cooper-pairs
in the BEC regime first appear in the normal-fluid phase above Tc. Our calculations show
that above Tc, there exists a characteristic temperature T
∗ which describes the crossover
from a free Fermi gas to a molecular Bose gas.
In this paper, our treatment of the particle-particle fluctuations assumes that their cou-
pling to the Feshbach resonance is weak and can be thus treated perturbatively. Most of
our discussion is for this case, in which the BCS-BEC crossover is driven by decreasing
the value of the Feshbach resonance threshold (2ν) relative to twice the bare Fermi energy
(2εF). When the Feshbach coupling strength is very large, as Kokkelmans and coworkers
have found, [16] it is not clear that our simple treatment of the particle-particle fluctuations
is valid. However, in this limit, one finds that the BCS-BEC crossover occurs for values
2ν ≫ 2εF because of the broad Feshbach resonance (see also Ref. [17]). Effectively, one is
in the strong-coupling regime discussed by Nozie`res and Schmitt-Rink, [12] where the BEC
phase is associated with preformed Cooper-pairs. When the threshold energy 2ν becomes
comparable to 2εF, our calculations again show that the Feshbach resonance takes over as
the dominant component of the BEC phase.
This paper is organized as follows: In Section II, we review the coupled Fermion-Boson
model used in earlier work and discuss the LDA extension of the results we presented in Ref.
[11]. In Section III, we use this opportunity to expand on certain aspects which were not
discussed in detail in Ref. [11] due to lack of space. The BCS-BEC crossover in a trapped
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system is discussed in Section IV. In Section V, we consider the character of the composite
Bosons. The crossover from a free Fermi gas to a gas of long-lived molecular Bosons above
Tc is discussed in Section VI. Section VII considers the case of a strong Feshbach coupling.
II. FORMULATION
A. Coupled Fermion-Boson gas in a trap
The gas of interacting Fermi atoms coupled to a Feshbach resonance can be described
by the coupled Fermion-Boson model given by [7,8,9,10,11,18,19,20]
H =∑
pσ
εpc
†
pσcpσ +
∑
q
(E0
q
+ 2ν)b†
q
bq
− U∑
p,p′
c†
p↑c
†
−p↓c−p′↓cp′↑ + gr
∑
p,q
[b†
q
c−p+q/2↓cp+q/2↑ + h.c]. (2.1)
Here c†
pσ is the creation operator of a Fermi atom with the kinetic energy εp = p
2/2m. We
assume that the system involves two atomic hyper-fine states which will lead to Cooper-pair
Bosons and hence superfluidity. We describe these atomic states for simplicity using the
pseudo-spin language σ =↑, ↓. The quasi-molecular Boson of momentum q associated with
the Feshbach resonance is described by the operator b†
q
. E0
q
≡ q2/2M is the kinetic energy of
this Boson and 2ν represents the bottom of this resonance Bose spectrum, to be referred to
as the threshold energy of the Feshbach resonance. The coupling to this Feshbach resonance
Boson is described by last term in eq. (2.1) with a strength gr, in which two Fermi atoms
form one b-Boson and the b-Boson breaks into two free Fermi atoms. The Hamiltonian also
includes a standard BCS pairing interaction with the coupling constant −U < 0, originating
from non-resonant interactions between two Fermi atoms (σ =↑, ↓). Even assuming that
this direct attractive pairing interaction U is weak, the effective pairing interaction strength
can be strong due to the effect of the coupling to the Feshbach resonance. In this paper,
we do not discuss the question of how good the model Hamiltonian in eq. (2.1) is in the
context of ultracold Fermi gases, but simply refer to the literature [7,8,9,10,16].
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Since in this model, one Feshbach-induced b-molecule consists of two Fermi atoms, we
have M = 2m and also impose the conservation of the total number of particles as
N = 〈∑
pσ
c†
pσcpσ〉+ 2〈
∑
q
b†
q
bq〉
≡ NF + 2NB. (2.2)
As discussed in our previous paper, [11] this constraint is incorporated into the model Hamil-
tonian in eq. (2.1) by replacing H → H − µN , where µ is the chemical potential. The re-
sulting Hamiltonian has the same form as eq. (2.1), but the kinetic energies of the Fermions
and Bosons are now given by εp → εp − µ and E0q → E0q − 2µ, respectively.
Now we introduce the effect of a harmonic trap. In this paper, we consider an optical
trap in which the two hyperfine Fermi atom states feel the same trap potential given by
Vtrap(r) =
1
2
∑
j
m[ω20xx
2
j + ω
2
0yy
2
j + ω
2
0zz
2
j ], (2.3)
where rj = (xj , yj, zj) is the position of the j-th atom. In our model, we also assume that
the Feshbach molecules also feel this potential with m being replaced by the Boson mass
M = 2m. We could relax this last assumption to deal more realistically with the dipole
moment of the composite molecule but we leave this extension to future studies. Treating
the resulting trapped Fermion-Boson gas within the LDA [21,22] amounts to replacing the
chemical potential µ by
µ(r) = µ− Vtrap(r). (2.4)
The constraint on the total number of Fermi atoms is then replaced by N =
∫
dr[NF(r) +
2NB(r)], where NF(r) and NB(r) are the number density of Fermi atoms and Bose molecules,
respectively.
The atomic hyperfine states may feel different trap potentials in a magnetic trap. This
situation is similar to electron spins in superconducting metals under a magnetic field. In the
theory of superconductivity, it is known that a magnetic field suppresses superconductivity
and, under certain conditions, produces a non-uniform kind of superconducting state called
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the Fulde-Ferrell state. [23,24,25] The effect of fluctuations on this kind of Zeeman splitting
in atomic Fermi gases is considered in another paper. [26]
B. Equations for Tc: Thouless criterion
The superfluid phase transition temperature Tc can be conveniently determined using the
Thouless criterion, [12] in which the phase transition is characterized by a singularity in the
particle-particle scattering vertex function Γ at ω = q = 0, associated with the formation
of Cooper-pairs. [27,28] The four-point vertex function Γ within the generalized t-matrix
approximation in terms of U and gr is given by the diagrams in Fig.1. In this figure, the first
line describes ladder processes associated with the attractive interaction −U < 0, processes
familiar in strong coupling superconductivity in electronic systems. [12] On the other hand,
the second line includes the effective Fermion-Fermion interaction mediated by the b-Boson
propagator D0 defined in eq. (2.6), scattering processes which only arise in atomic Fermi
gases coupled to a Feshbach resonance, such as in eq. (2.1). The equation of the vertex
function Γ is given by
Γ (p+,−p−; p′+,−p′−; r) = −(U − g2rD0(q; r))
+ (U − g2rD0(q; r))
1
β
∑
p
′′,ω′′
m
G0(p
′′
+; r)G(−p′′−; r)Γ(p′′+,−p′′−; p′+,−p′−; r), (2.5)
where p+ ≡ (p + q/2, iωm + iνn), p− ≡ (p − q/2, iωm), q ≡ (q, iνm) and β ≡ 1/T is the
inverse of temperature; iωm and iνn are the Fermion and Boson Matsubara frequencies,
respectively. G0 and D0 represent the bare one-particle Fermion and Boson thermal Green
functions given by


G0(p, iωm; r) =
1
iωm − εp + µ(r) ,
D0(q, iνn; r) =
1
iνn − E0q − 2ν + 2µ(r)
.
(2.6)
Since the modified chemical potential µ(r) includes the trap potential, the LDA Green
functions and vertex function Γ also depend on position r. Multiplying both the sides of eq.
(2.5) by 1
β
G0(p+; r)G0(−p−; r) and summing over ωm and p, we obtain
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1β
∑
p
′′,ω′′
m
G0(p
′′
+; r)G(−p′′−; r)Γ(p′′+,−p′′−; p′+,−p′−; r) = −
(U − g2rD0(q; r))Π(q; r)
1− (U − g2rD0(q; r))Π(q; r)
. (2.7)
Here Π(q; r) = Π(q, iνn; r) is the well-known particle-particle correlation function of the
Cooper-pair-field operator defined by ∆ˆ(q, τ ; r) ≡ ∑
p
c−p+q/2↓(τ ; r)cp+q/2↑(τ ; r) in the ab-
sence of U and gr: [11,12,29,30]
Π(q, iνn; r) =
∫ β
0
dτeiνnτ 〈Tτ{∆ˆ(q, τ ; r)∆ˆ†(q, 0; r)}〉
=
1
β
∑
p,ωm
G0(p+ q/2, iωm + iνn; r)G0(−p+ q/2,−iωm; r)
=
∑
p
1− f(εp+q/2 − µ(r))− f(εp−q/2 − µ(r))
εp+q/2 + εp−q/2 − 2µ(r)− iνn , (2.8)
where f(ε) is the Fermi distribution function. Substituting eq. (2.7) into eq. (2.5), we
obtain
Γ(q, iνn; r) = − U − g
2
rD0(q, iνn; r)
1− [U − g2rD0(q, iνn; r)]Π(q, iνn; r)
. (2.9)
We shall see that the effective attractive pairing interaction is given by
Ueff(q, iνn; r) = U − g2rD0(q, iνn; r). (2.10)
According to the Thouless criterion, Tc is given as the temperature at which the vertex
function Γ(q, iνn; r) in eq. (2.9) develops a pole at q = νn = 0. Within the LDA, since Γ
depends on position r, this condition is satisfied at different temperatures T0(r) depending
on r. In this approximation, we have to regard the highest T0(r) as the phase transition
temperature of the trapped gas. [31] Since the density of particles is maximum at the center
of the trap, we have Tc = T0(r = 0). Then the equation for Tc within the LDA is given by
1 = UeffΠ(0, 0; r = 0), (2.11)
where
Ueff ≡ Ueff(q = 0, iνn = 0; r = 0) = U + g
2
r
2ν − 2µ (2.12)
is the static part of the effective pairing interaction in the long wave length limit at r = 0.
Equation (2.11) indicates that even if the direct pairing interaction U is weak, the effective
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pairing interaction Ueff in eq. (2.12) can be large if gr is large or when the chemical potential
of the b-Boson (µB ≡ 2µ) approaches the bottom of the the Bose band 2ν. More explicitly,
we note that eq. (2.11) can be written in the well known BCS form
1 = (U + g2
1
2ν − 2µ)
∑
p
tanh(εp − µ)/2Tc
2εp − 2µ . (2.13)
As shown in the literature, [27,28] the pole which develops at Tc at q = νn = 0 signals
an instability of the normal Fermi gas. At T < Tc, the amplitude of this two-particle bound
state can be shown to grow exponentially with time. This instability is removed by the
appearance of a new phase below Tc, described by the Cooper-pair order parameter.
C. Fluctuation contributions to the chemical potential
The chemical potential µ in eq. (2.13) is determined by the equation of the total number
of Fermi atoms where a b-Boson also counts as two Fermi atoms. In the weak-coupling BCS
theory in the absence of the b-Boson, this equation simply gives µ = εF (where εF is the
Fermi energy in the absence of any b-Bosons), assuming that the temperature dependence of
µ can be neglected. Indeed, in most metallic (weak-coupling) superconductors, the deviation
of µ(Tc) from εF is negligibly small as δµ ∼ (Tc/εF)2 ≪ 1. [32] On the other hand, when
gr is large or the Feshbach resonance strongly enhances the effective pairing interaction
Ueff , in analogy with the “strong-coupling” superconductivity discussed by Nozie`res and
Schmitt-Rink, [12] the chemical potential µ is expected to deviate remarkably from εF due
to the effect of fluctuations associated with the Cooper-pair channel. We now discuss these
fluctuations.
The equation giving the number of Fermi atoms determines the chemical potential µ.
This is obtained, as usual, [12] from first calculating the thermodynamic potential Ω ≡
∫
drΩ(r) and then using the identity N = −∂Ω/∂µ. The fluctuation contribution to the
local thermodynamic potential Ω(r) is shown in terms of diagrams in Fig. 2. In Fig. 2(a),
we show the usual diagrams associated with the direct pairing interaction −U . Working to
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all orders in U , this gives [12,13]
δΩU(r) =
1
β
∑
q,νn
eiνnδ ln[1− UΠ(q, iνn; r)]. (2.14)
This is the contribution discussed in Ref. [12]. In Fig. 2(b), we show the new fluctuation di-
agrams contributing to Ω(r) associated with the Feshbach coupling interaction gr. Summing
up to all orders, this gives
δΩgr(r) =
1
β
∑
q,νn
eiνnδ ln[1 + g2rD0(q, iνn; r)Π˜(q, iνn; r)], (2.15)
where
Π˜(q, iνn; r) ≡ Π(q, iνn; r)
1− UΠ(q, iνn; r) (2.16)
describes the particle-particle bubble including the effect of U in the ladder approximation.
We note that the total fluctuations contribution to Ω(r) is the sum of the two contribu-
tions in eqs. (2.14) and (2.15), which can be combined to give
δΩ(r) =
1
β
∑
q,νn
eiνnδ ln
[
[1− UΠ(q, iνn; r)][1 + g2rD0(q, iνn; r)Π˜(q, iνn; r)]
]
=
1
β
∑
q,νn
eiνnδ ln[1− Ueff(q, iνn; r)Π(q, iνn; r)], (2.17)
where the effective pairing interaction Ueff(q, iνn; r) is as defined in eq. (2.10). In other
words, the only effect of the diagrams in Fig. 2(b) is to renormalize the pairing interaction
as U → Ueff(q, iνn; r) in eq. (2.14). We also note that the collective fluctuations in eq. (2.17)
(which are Bosons) are precisely those which are associated with the poles of the particle-
particle vertex function Γ in eq. (2.9). The thermodynamic potential for the contribution
of the free Fermions and b-Bosons is given by the sum of [33]


Ω0F (r) = −
2
β
∑
p,ωm
eiωmδ lnG−10 (p, iωm; r),
Ω0B(r) =
1
β
∑
p,νn
eiνnδ lnD−10 (p, iνn; r).
(2.18)
Combining all these results and using N = −∂Ω/∂µ, we find the result
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N =
∫
dr
[
N0F(r) + 2N
0
B(r)−
1
β
∑
q,iνn
eiδνn
∂
∂µ
ln[1− Ueff(q, iνn; r)Π(q, iνn; r)]
]
, (2.19)
where


N0F =
2
β
∑
p,ωm
eiωmδG0(q, iωm; r) = 2
∑
p
f(εp − µ(r)),
N0B = −
1
β
∑
p,νn
eiνnδD0(q, iνn; r) =
∑
p
nB(E
0
q
+ 2ν − 2µ(r)).
(2.20)
Here nB(E) represents the Bose distribution function. Equations (2.11) and (2.19) provide
us with a closed set of two coupled equations, from which we can obtain µ(T,N) and Tc(N).
In solving the coupled equations numerically, we have to take into account carefully the
convergence factor eiνnδ in the last term in eq. (2.19). In the appendix, we explain how to
sum up the Matsubara frequencies in this term. Above Tc, we need only solve eq. (2.19)
for µ(T,N). Our numerical results will be discussed in Sections IV and V. In the next
section, however, we first discuss the physics involved in treating the fluctuations within the
approximation developed in this section. This will allow us to better understand the nature
of the Bosons involved in the crossover to a BEC regime.
III. PHYSICS OF COUPLED B-BOSONS AND COOPER PAIRS
The contribution arising from the interaction in eq. (2.19) can be described in terms of
Bose fluctuations given by the solutions of
1 = Ueff(q, ω + iδ; r)Π(q, ω + iδ; r), (3.1)
where we made the usual analytic continuation from the imaginary Bose Matsubara fre-
quency to the real frequency axis as iνn → ω+ iδ. While eq. (3.1) appears relatively simple,
it describes a complex situation involving the formation of preformed Cooper-pairs and their
coupling to the bare b-Bosons in eq. (2.1) due to the Feshbach coupling interaction gr. The
preformed Cooper-pairs and the b-molecules are coupled to each other, which leads to hy-
bridization and only one kind of composite Bose molecule. It is useful to try to disentangle
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these effect, although there seems no unique way of doing this in such a coupled excitation
problem.
Denoting the number density of atoms given by the last term in eq. (2.19) as δNFL(r),
we have
δNFL(r) =
1
β
∑
q,νn
eiνnδ
[
2g2rΠD
2
0 + Ueff(q)
∂Π
∂µ
]( 1
1− Ueff(q)Π
)
, (3.2)
where for simplicity we denote Π(q, iνn; r) ≡ Π, D0(q, iνn; r) ≡ D0, Ueff(q, iνn; r) ≡ Ueff(q),
and we have used the identity ∂D0/∂µ = −2D20. The effect of the particle-particle fluctua-
tions described by Π(q, iνn; r) naturally gives rise to a renormalized b-Boson propagator D˜
with a self-energy given by
Σ(q, iνn; r) = −g2r Π˜(q, iνn; r), (3.3)
where Π˜ has been defined in eq. (2.16). Thus we have
D˜−1(q, iνn; r) ≡ D−10 + g2r Π˜
= iνn − [E0q + 2ν − g2r Π˜(q, iνn; r)] + 2µ(r). (3.4)
The self-energy Σ in eq. (3.3) describes the effect of the decay of a b-Boson into two Fermi
atoms and their recombination to a b-Boson, treating the non-resonant interaction −U
within the ladder approximation. This self-energy can be also obtained by summing up the
diagrams shown in the third line in Fig. 1 (shaded bubble in the figure).
One may verify that the first term in the square brackets in eq. (3.2) renormalizes the
number of b-Bosons, giving
2N0B(r) +
1
β
∑
q,νn
eiνnδ
2g2rΠD
2
0
1− Ueff(q)Π = −
2
β
∑
q,νn
eiνnδ
(1− UΠ)D0
1− Ueff(q)Π
= − 2
β
∑
q,νn
eiνnδD˜(q, iνn; r)
≡ 2N˜B(r). (3.5)
We recall that in our interacting Boson-Fermion model Hamiltonian, we have [see eq.
(2.2)]
12
N = NF + 2NB, (3.6)
where, within the LDA,


NF =
∫
dr
∑
p,σ
〈c†
pσ(r)cpσ(r)〉,
NB =
∫
dr
∑
q
〈b†
q
(r)bq(r)〉
(3.7)
give the number of Fermions and Bosons, respectively. As discussed in many body texts, NB
is defined in terms of the renormalized single particle b-Boson Green function D˜(q, iνn; r).
In fact, one sees that NB = N˜B ≡
∫
drN˜B(r), where N˜B(r) is defined in eq. (3.5). This
means that NF in eq. (3.7) is given by
NF = N
0
F + 2NC, (3.8)
where 2NC is obtained from the second term in the square brackets in eq. (3.2) as
2NC =
1
β
∑
q,νn
∫
dreiνnδ
∂Π
∂µ
( Ueff(q)
1− Ueff(q)Π
)
. (3.9)
Equation (3.8) shows that the expression for 2NC in eq. (3.9) is the natural definition of the
number of Cooper-pair Bosons which arise in the interacting Fermion gas with an attractive
interaction given by Ueff(q).
The preceding analysis leads to the following expression for N given in Ref. [11]:
N = N0F + 2NB + 2NC, (3.10)
where NB is the contribution from the b-Bosons and NC is the contribution from the Cooper-
pairs, both being strongly renormalized through the effect of the Feshbach resonance coupling
gr. The problem with the decomposition given in eq. (3.10) is that when gr 6= 0, one must
remember that the b-Bosons and the preformed Cooper-pairs are strongly hybridized. As
a result, they give rise to a single Boson branch described by the pole of D˜ in eq. (3.4),
namely
ωq = E
0
q
+ 2ν − g2r Π˜(q, iνn → ωq + iδ; r)− 2µ(r). (3.11)
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One can understand the basic physics by going back to eq. (2.17) and noting that
1− Ueff(q)Π = [1− UΠ][1 + g2rD0Π˜]
= [1− UΠ] + g2rΠ
1
ω − (E0
q
+ 2ν − 2µ(r)) . (3.12)
This form shows clearly that the zeros of 1− Ueff(q)Π correspond to a hybridized spectrum
associated with the preformed Cooper-pair [1− UΠ = 0] and the b-Bosons [ω − (E0
q
+ 2ν −
2µ(r)) = 0] by the coupling g2rΠ. The zeros of eq. (3.12) are seen to be given by
[1− UΠ]
[
ω − [E0
q
+ 2ν − 2µ(r)]
]
+ g2rΠ = 0. (3.13)
One sees that the same hybridization physics is given by the poles of D˜, i.e.,
[ω − (E0
q
+ 2ν − 2µ(r))] + g2r
Π
1− UΠ = 0. (3.14)
All these versions emphasize that the renormalized Bosons given by D˜−1 = 0 are the hy-
bridized version of the bare preformed Cooper-pairs and the bare b-Bosons. One can still ask
what is the relative “weighting” of these two components in the renormalized Bose spectrum
given by the pole of D˜, as given by the values of NB and NC in eq. (3.10). In Ref. [11], we
calculated both these contributions as a function of the threshold 2ν in the case of a uniform
Fermi gas.
Finally, we note that one can write
1− Ueff(q)Π = D0
[
D−10 − Ueff(q)D−10 Π
]
= D0
[
D−10 − [
U
D0
− g2r ]Π
]
≡ D0D−1M . (3.15)
Putting this into eq. (2.19), one finds that the term 2N0B is cancelled out by the D0 factor
in eq. (3.15) and we are left with
N =
∫
dr[N0F(r) + 2NM(r)]. (3.16)
Here the number density of composite molecular Bosons NM(r) is defined as
14
2NM(r) ≡ − 1
β
∑
q,νn
eiνnδ
∂
∂µ
lnD−1M , (3.17)
where DM is defined in eq. (3.15),
D−1M (q, iνn; r) ≡ iνn − [E0q + 2ν + (U/D0 − g2r )Π] + 2µ(r). (3.18)
Note that Π enters here, not Π˜ as in eq. (3.4). This composite molecule is a true hybrid
of preformed Cooper-pairs and b-Bosons and cannot be associated with either component.
However, one can verify that the poles of DM are identical to those of D˜ as defined in eq.
(3.4), in that [see eqs. (3.12) and (3.15)]
(1− UΠ)D˜−1 = D−10 − (
U
D0
− g2r )Π = D−1M . (3.19)
IV. TRANSITION TEMPERATURE IN THE BCS-BEC CROSSOVER WITH A
FESHBACH RESONANCE
A. Renormalization for U and gr
In this section, we consider the case of an isotopic harmonic trap (ω0x = ω0y = ω0z ≡ ω0)
for simplicity. It is convenient to take εF as the unit of energy (for one Fermi species). As
for the unit of length, we take the radius RF of a non-interacting Fermi gas at T = 0 defined
by εF(RF) ≡ εF−mω20R2F/2 = 0, or R2F = 2εF/mω20. We also take, as the unit of the number
of particles, the total number of Fermi atoms given by
N =
4
pi
∫ RF
0
r2dr
∫ pF(r)
0
p2dp =
(mω0)
3R6F
24
, (4.1)
where pF(r) =
√
2mεF(r) is the Fermi momentum at r within the LDA. With this normal-
ization, since N and RF always appear with the coupling constants U and gr as U˜ ≡ UN/R3F
and g˜2r ≡ g2rN/R3F, they can be absorbed into these coupling constants. (In the following,
we simply write U˜ and g˜r as U and gr.) In our numerical calculations, we simply intro-
duce a Gaussian cutoff e−ε
2
p/ω
2
c , with ωc = 2εF, in the momentum summation involved in
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the particle-particle response function Π(q, iνn; r) defined in eq. (2.8) and thus also in eq.
(2.13).
The interactions −U and gr used in this paper should be regarded as renormalized quan-
tities effectively involving the effects of screening by (pseudo-spin and density) fluctuations
and renormalization in terms of high energy processes: Gor’kov et al. showed within the
mean-field BCS theory that in the dilute limit, Tc is suppressed by an effective interaction
mediated by fluctuations described by particle-hole (p-h) bubble diagrams. [34] This effect
was also studied recently by Combescot [35] in connection with the possibility of high Tc
superfluidity in 6Li. This reduction of Tc can be physically understood as a screening effect
by (pseudo-) spin and density fluctuations, which weakens the pairing interaction between
Fermi atoms. One should understand that −U and gr in our model in eq. (2.1) include this
p-h screening.
As for the renormalization of −U and gr by high energy processes, we note that our
Fermi atomic gas has no physical cutoff-energy, in contrast to superconductivity in metals,
where the lattice phonon Debye frequency acts the effective cutoff in the BCS gap equation.
However, a prescription about the renormalization of the high energy interactions is implicit
when we introduce a cutoff ωc in the momentum summations. To see this, it is convenient
to introduce an energy cutoff Ec. This cutoff energy is assumed to be much higher than ωc
and T , and it may be arbitrarily large. We can then divide the summation in the equation
for Tc in eq. (2.13) into a low energy part εp = [0, ωc] and high energy part εp = [ωc, Ec]. In
this decomposition, when Ec ≫ ωc ≫ |µ| > Tc, we can take tanh(εp − µ)/2Tc → 1 in the
high energy part. Since this replacement corresponds to ignoring the influence of the Fermi
distribution [recall that in eq. (2.13), tanh x/2T = 1 − 2f(x)], the high energy region can
be described as two atoms interacting in a vacuum. The effect of the surrounding gas and
Fermi statistics is absent. Then the decomposition of eq. (2.13) is reduced to [36]
1 = Ueff
∑
[0,ωc]
tanh(εp − µ)/2Tc
2εp − 2µ + Ueff
∑
[ωc,Ec]
1
2εp − 2µ, (4.2)
where Ueff = U + g
2
r /(2ν − 2µ). This equation can be rewritten as the form
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1 =
Ueff
1− Ueff ∑[ωc,Ec] 12εp−2µ
∑
[0,ωc]
tanh(εp − µ)/2Tc
2εp − 2µ
≡ UReff(ωc)
∑
[0,ωc]
tanh(εp − µ)/2Tc
2εp − 2µ . (4.3)
In this equation for Tc, high energy two-particle scattering processes in the region [ωc, Ec] has
been absorbed into the renormalized coupling UReff(ωc) = U
R(ωc) + g
R
r
2
(ωc)/(2ν
R(ωc)− 2µ)
describing the low energy physics in the region [0, ωc]. The renormalized interaction U
R(ωc),
Feshbach coupling gRr (ωc) and threshold energy 2ν
R(ωc) are thus given by


UR(ωc) =
U
1− U ∑[ωc,Ec] 12εp−2µ
,
gRr (ωc) =
gr
1− U ∑[ωc,Ec] 12εp−2µ
,
2νR(ωc) = 2ν − g2r
∑
[ωc,Ec]
1
2εp−2µ
1− U ∑[ωc,Ec] 12εp−2µ
.
(4.4)
Physically, UR(ωc) is the non-resonant Fermion-Fermion interaction enhanced by high energy
scattering processes and is diagrammatically described by Fig. 3 (a). The renormalized
Feshbach coupling gRr (ωc) involves the three point vertex correction coming from the high-
energy processes in Fig. 3(b). Finally, the renormalized threshold energy 2νR(ωc) originates
from the self-energy correction caused by the break of a Bose molecule into two Fermi atoms
with high momenta, which can be described by the diagrams in Fig. 3(c).
We should determine the renormalized quantities experimentally. In this regard, the
renormalized quantities for the low energy limit (ωc = 0) can be introduced. [16,17] One can
write the renormalized parameters in eq. (4.4) in terms of their low energy values (ωc = 0)
as follows:


UR(ωc) =
UR(0)
1 + UR(0)
∑
[0,ωc]
1
2εp−2µ
,
gRr (ωc) =
gRr (0)
1 + UR(0)
∑
[0,ωc]
1
2εp−2µ
,
2νR(ωc) = 2ν
R(0) + gRr (0)
2
∑
[0,ωc]
1
2εp−2µ
1 + UR(0)
∑
[0,ωc]
1
2εp−2µ
.
(4.5)
Written in terms of the renormalized variables given in eq. (4.5), the BCS gap equation in
eq. (4.3) no longer involves Ec explicitly. Although we simply write the couplings as −U , gr
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and the threshold energy as 2ν in our model, we can regard them as renormalized quantities
incorporating the high energy two-particle scattering processes, as discussed above.
The present way of renormalization can reproduce the cutoff-free theories in Refs.
[14,15,37]. When we write eq. (4.3) using the renormalized variables in terms of the low
energy value UReff(ωc = 0) as given by eq. (4.5), we obtain
1 =
UReff(0)
1 + UReff(0)
∑
[0,ωc]
1
2εp−2µ
∑
[0,ωc]
tanh(εp − µ)/2Tc
2εp − 2µ . (4.6)
This equation can be in turn rewritten in the form
1 = UReff(0)
∑
[0,ωc]
[tanh(εp − µ)/2Tc
2εp − 2µ −
1
2εp − 2µ
]
≃ UReff(0)
∑
[0,∞]
[tanh(εp − µ)/2Tc
2εp − 2µ −
1
2εp − 2µ
]
. (4.7)
Since the two terms in the square brackets almost cancel out each other in the high energy
region [ωc,∞] (we assume that ωc ≫ T ), we can eliminate the finite upper limit ωc in the
summation. This cutoff-free expression is similar to the one used in Ref. [37]. The cutoff-free
BCS equation for Tc used by Randeria et al. [14,15] can be also obtained from eq. (2.13).
Writing it as
1 = Ueff
∑
[0,Ec]
[tanh(εp − µ)/Tc
2εp − µ −
1
2εp
+
1
2εp
]
, (4.8)
we can turn this into
1 = U¯eff
∑
[0,Ec]
[tanh(εp − µ)/Tc
2εp − µ −
1
2εp
]
, (4.9)
where the renormalized interaction U¯eff = U¯ + g¯
2
r /(2ν¯ − 2µ) is defined by


U¯ =
U
1− U ∑[0,Ec] 12εp
,
g¯r = gr
1
1− U ∑[0,Ec] 12εp
,
2ν¯ = 2ν − g2r
∑
p
∑
[0,Ec]
1
2εp
1− U ∑[0,Ec] 12εp
.
(4.10)
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All these expressions for the equation for Tc give physically the same result, assuming that
one takes the appropriate values for renormalized parameters.
With regard to the renormalization of the coupling constants, recent work by Kokkelmans
et al. [16] has discussed the coupled Fermion-Boson model given in eq. (2.1) and incorporated
the full two-body scattering theory into an improved fashion. Milstein et al. [17] have more
recently derived identical equations to eqs. (4) and (6) in Ref. [11] (these correspond to
eqs. (2.13) and (2.19) for a trapped Fermi gas), which include the effect of particle-particle
fluctuations and the appearance of Cooper-pairs. They have extended our analysis in Ref.
[11] by renormalizing these equations in a way which treats the two-body scattering and
bound states correctly. Their work thus leads to explicit numerical values for the various
parameters in the renormalized model corresponding to eq. (2.1).
In the rest of this Section and Sections V and VI, we discuss our results for Tc and the
region above, using U = 0.3εF and gr = 0.6εF. Our diagrammatic approximation for the
fluctuations, as summarized in Figs. 1 and 2, assumes that the interactions are weak. In
Section VII, we discuss the analogous results predicted by our equations (2.13) and (2.19)
using a value gr ≫ εF, such as found in Refs. [9,17]. In this case, the Feshbach resonance is
very broad and thus can have a huge effect on Tc even if the threshold 2ν ≫ 2εF.
B. Crossover behavior at Tc within LDA
Our numerical solution for Tc and µ(Tc, N) from eqs. (2.13) and (2.19) for a trapped
Fermi gas gives results which are very similar to those for a uniform Fermi gas obtained in
Ref. [11]. Figure 4 shows the BCS-BEC crossover in a trapped Fermi gas. As the threshold
energy 2ν is lowered, Fig. 4(a) shows that Tc deviates from the mean-field BCS theory
(‘BCS’ in the figure) and approaches the BEC phase transition temperature of a gas of N/2
free Bosons of mass M = 2m (‘BEC’ in the figure). The chemical potential µ also changes
remarkably in this crossover as shown in Fig. 4(b). As expected from the mean-field BCS
theory, we obtain µ ≃ εF for 2ν >∼ 2εF (BCS regime) while µ deviates from εF and approaches
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ν for ν <∼ 0 (BEC regime). The latter result reflects that the b-Bosons become the dominant
contribution in the BEC regime. As a result, the phase transition occurs when the chemical
potential of the b-Boson µB (= 2µ) reaches the bottom of the Bose band (2ν) at the center
of the trap (within our LDA). We note that we can rewrite the equation for Tc in eq. (2.11)
in the form
2ν = 2µ+ g2r Π˜(0, 0, r = 0). (4.11)
This equation reduces to 2ν = 2µ (= µB) in the BEC limit, where the Fermi atoms and
hence the particle-particle fluctuations described by Π are absent. Since, in this BEC regime,
the dominant excitations are N/2 free Bosons, we find the usual result for a trapped free
Bose gas Tc = ω0[N/2ζ(3)]
1/3, [38] where ω0 is the trap frequency and ζ(x) is the usual zeta
function (we set h¯ = 1). Using the fact that TF = (6N↑)
1/3ω0 is the Fermi temperature for
a trapped free Fermi gas (with N↑ = N/2), we can write this expression for Tc in terms of
TF to give
Tc =
( 1
6ζ(3)
)1/3
εF = 0.518TF. (4.12)
Figure 4(a) shows that this Tc is obtained in the BEC regime as the limiting maximum value
in the trapped Fermi gas. We recall that Fig. 4 is for U = 0.3εF and gr = 0.6εF.
We note that this upper limit for Tc is much higher than that of a uniform Fermi gas in
the absence of a trap. [11] In the uniform system, Tc in the BEC regime is given by [11,15]
Tc = 2
( 1
6
√
piζ(3/2)
)2/3
εF = 0.218TF, (4.13)
where the Fermi temperature in the uniform system is given by TF = (6pi
2N↑)
2/3/2m. [32]
One reason for this different maximum Tc’s between the two cases comes from the different
definition of TF. In addition, one should note that the harmonic trap potential enhances
Tc through the effective density of states (DOS) of Bose molecules. When we carry out the
spatial integration in the equation for the total number of trapped particles in the BEC
regime [N = 2
∫
drNB(r)], this equation is reduced to [38]
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1 = 3
∫ ∞
0
dEE2
1
eβ¯E − 1 (T = Tc), (4.14)
where β¯ ≡ TF/T and the energy in the integral is normalized in units of εF. The corre-
sponding equation in the uniform system is given by
1 = 3
√
2
∫ ∞
0
dE
√
E
1
eβ¯E − 1 . (4.15)
This shows that the low energy region of the DOS has larger weight in the uniform gas
(DOS ∝ √E) than in the trapped one (DOS ∝ E2). As a result, the transition temperature
(relative to TF for each case) must be higher in the trapped gas than in the uniform gas.
V. LONG-LIVED COMPOSITE MOLECULAR BOSONS
A. Damping of b-Boson and condition for stable molecules at Tc
The decay of b-Boson into two Fermi atoms associated with the Feshbach resonance is
described by the imaginary part of the (analytic-continued) self-energy of the renormalized
Bose Green function in eq. (3.4)
γ ≡ −ImΣ(q, iνn → ω + iδ; r) = g2r ImΠ˜(q, ω + iδ; r). (5.1)
Since ImΠ(q, ω + iδ; r) is given by
ImΠ(q, ω + iδ; r) =
m
√
m
4piβ
√
E0
q
Θ(ω + 2µ(r)− E0
q
) ln
cosh β
2
(ω
2
+
√
(ω + 2µ(r)− E0
q
)E0
q
)
cosh β
2
(ω
2
−
√
(ω + 2µ(r)−E0
q
)E0
q
)
,
(5.2)
where Θ(x) is the step function, the damping rate γ is finite only in the region ω ≥ ωth ≡
E0
q
−2µ(r). This step function restriction is clear when we note that the denominator of eq.
(2.8) can be written as [iνn + 2µ(r)−E0q ]− 2εp. At q = 0, eq. (5.2) can be simplified to
ImΠ(q = 0, ω + iδ; r) =
m
√
m
4pi
Θ(ω + 2µ(r))
√
ω + 2µ(r) tanh
βω
4
. (5.3)
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Since the energy to dissociate one b-Boson (with center of mass momentum q) into two
Fermi atoms is given by [εp+q/2 − µ(r)] + [ε−p+q/2 − µ(r)], the threshold energy ωth is found
to correspond to the minimum energy to destroy one b-Boson with q = 0.
The damping rate γ leads to finite lifetime of b-Boson, or equivalently gives a finite width
to the peak in the spectral density of the (renormalized) Bose excitation spectrum given by
ρB(q, ω; r) ≡ −1
pi
ImD˜(q, iνn → ω + iδ; r). (5.4)
In the BCS regime, where γ is always finite for ω > 0 (see the inset in Fig. 5(a)), the quasi-
particle b-Bose spectral density shows a broad peak, as shown in Fig. 5(a). This b-Boson
thus has a finite lifetime, which is given by the inverse of the peak width, due to decay into
two Fermi atoms by the coupling to the Feshbach resonance. As one approaches the BEC
regime, ωth > 0 is realized (as shown in the insets in Figs. 5(b) and 5(c)). In this case, when
the b-Boson pole given by eq. (3.11),
ωq = [E
0
q
− 2µ(r)] + [2ν − g2r Π˜(q, ωq + iδ; r)], (5.5)
appears below ωth, its lifetime is infinite. It thus appears as a δ-function peak in the b-Boson
excitation spectral density ρB given by eq. (5.4). We show this case in Figs. 5(b) and 5(c).
In Fig. 5(b), the excitation spectrum is still accompanied by a incoherent part in high
energy region (ω > ωth), in addition to the undamped bound state pole below ωth. On the
other hand, the incoherent part is seen to be almost absent in the BEC regime in Fig. 5(c),
evidence that a stable b-molecule dominates the two-particle excitation spectrum.
The condition for such a stable b-Boson is simply that [11]
2ν˜ ≡ 2ν − g2r Π˜(q, ωq + iδ; r) < 0 [E0q − 2µ(r) > 0]. (5.6)
This means that the renormalized threshold energy defined by 2ν˜ in eq. (5.6) must be
negative for the stable undamped b-Bose molecules to appear. [11] In the region ω = q = 0,
this condition can be approximately written as 2ν˜ ≃ 2ν − g2r Π˜(0, 0; r) < 0. Since Π(0, 0, r)
can be shown to be positive and also decreases as r increases, the condition 2ν˜ < 0 is first
satisfied at the center of the trap.
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We can divide the number NB of renormalized b-Bosons in eq. (3.10) into the contribution
from stable long-lived part (Nγ=0B ) and a Feshbach resonating contribution with a finite
lifetime (denoted by Nγ>0B ). In order to evaluate the contribution from the stable part
Nγ=0B , it is convenient to introduce the spectral representation of the renormalized Bose
Green function as [12]
D˜(q, iνn; r) = −1
pi
∫ ∞
−∞
dz
1
iνn − z ImD˜(q, iνn → z + iδ; r). (5.7)
Using this expression, the summation in terms of the Boson Matsubara frequency in NB in
eq. (3.10) can be carried out to give
NB = −1
pi
∑
q
∫
dr
∫ ∞
−∞
dznB(z)ImD˜(q, z + iδ; r). (5.8)
Using this, the contribution from the stable poles (with no imaginary part) is given by
Nγ=0B =
∫
dr
poles∑
q
∫ ∞
−∞
dzδ(z − [Eq − 2µ(r)]− [2µ− g2r Π˜(q, z + iδ; r)])
=
∫
dr
poles∑
q
Z(q; r)nB(ωq). (5.9)
Here, Z(q; r) arises from what is called mass renormalization and is given by
Z(q; r)−1 ≡ 1 + g2r
∂Π˜(q, ωq, r)
∂ωq
. (5.10)
The sum in eq. (5.9) is over the solutions ωq satisfying eq. (5.5).
Besides this Feshbach component of the two-particle bound state given by eq. (5.9),
there is a component from Cooper-pair associated with NC as defined in eq. (3.9). One can
rewrite eq. (3.9) in the form
2NC =
1
β
∑
q,νn
∫
dr
D˜
D0
Ueff(q)
1− UΠ
∂Π
∂µ
. (5.11)
We next use the fact that
∂Π˜
∂µ
=
( 1
1− UΠ
)2∂Π
∂µ
, (5.12)
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and that for ω = ωq [given by eq. (5.5)], one has the identities D
−1
0 = −g2r Π˜ and Ueff(q) =
Π−1. With these relations, the contribution Nγ=0C of undamped Bosons associated with
Cooper pairing can be reduced to the expression [11]
Nγ=0C =
g2r
2
∫
dr
poles∑
q
∂Π˜(q, ωq; r)
∂µ
Z(q; r)nB(ωq), (5.13)
where Z(q; r) has been defined in eq. (5.10). There is also a contribution from scattering
states and hence we have NC = N
γ=0
C +N
sc
C , where N
sc
C represents the scattering contribution
associated with damped particle-particle (or Cooper channel) fluctuations.
Figure 4(c) shows the change of the character of the excitations in the BCS-BEC crossover
in the trap. As ν is lowered and approaches εF, the Feshbach resonance molecular state
starts to play a role and the Feshbach damped molecules (Nγ>0B ) appear. These Bosons
are replaced by the stable molecules (Nγ=0B ) around ν = 0.18εF for the parameters used in
Fig. 4(c). At the same time, a contribution from preformed Cooper-pairs (Nγ=0C ) appear.
In the BEC regime, stable Feshbach molecules become dominant and Nγ=0B approaches 0.5
(= N/2). The contribution from preformed Cooper-pairs are seen to again disappear in the
BEC limit ν < 0. The increase in the total number of molecules is, however, slower than
that found in the uniform system. [11] This is simply because the stable molecules initially
only begin to appear at the center of the trap, rather than throughout the system as in the
uniform gas case..
Figure 6 shows the number of composite Bosons NM ≡
∫
drNM(r) as a function of ν
[where NM(r) is defined in eq. (3.17)]. Although each component of Boson (N
γ=0
B , N
γ>0
B ,
Nγ=0C and N
sc
C ) shows a singular behavior around ν = 0.18εF in Fig. 4(c), NM (≡ Nγ=0B +
Nγ>0B +N
γ=0
C +N
sc
C ) is found to increase smoothly as the threshold energy 2ν is lowered, as
expected.
As we have discussed in detail in Section III, the strong hybridization induced by the
Feshbach coupling interaction gr means that there is only a single two-particle Bose branch,
whose energy is given by the solution of eq. (5.5). Thus Nγ=0B and N
γ=0
C only represent the
relative spectral weights of the two components (corresponding to long-lived b-Bosons and
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stable preformed Cooper-pairs) of this composite Boson. This decomposition is only meant
as a way of understanding the physics of the BCS-BEC crossover which arises in the model
given by eq. (2.1). This interpretation is, however, very useful to understand the difference
between the present BCS-BEC crossover and that in strong-coupling superconductivity with
no Feshbach resonance: In the latter case, the preformed Cooper-pairs are the dominant
excitations in the strong coupling BEC regime. [12,14,15] In the present case, for the values
of the parameters U = 0.3εF and gr = 0.6εF used in Fig. 4, although preformed Cooper-pairs
make a contribution, the stable Feshbach molecules dominate the excitation spectrum in the
BEC limit (ν < 0).
B. The binding energy of composite Bosons
The binding energy of the long-lived composite Boson is the energy to break this molecule
into two Fermi atoms. This dissociation energy can be evaluated from the energy difference
between the bound state energy ωq in eq. (5.5) and the excitation spectrum of the free
Fermi gas measured from the chemical potential µ. In particular, the binding energy of the
zero-energy (ωq=0 = 0) two-particle bound state with q = 0 which appears at Tc is given by
Ebinding = 2[εq=0 − µ(r = 0)]− ωq=0 = 2|µ|
= 2|ν˜(q = 0, ωq = 0; r = 0)|, (5.14)
where we have used µ(r = 0) < 0 and eq. (5.6) to obtain expressions on the right hand side.
This result means that Ebinding is equal to the absolute value of the energy of a renormalized
b-molecule at the bottom of the renormalized Bose spectrum.
The threshold energy ωth(q = 0) of the two-particle spectrum is defined as where
ImΠ(q = 0, ω; r = 0) given in eq. (5.2) becomes finite (see Fig. 5). We recall that ImΠ
describes the excitation spectrum of the Cooper-pair channel fluctuations. This frequency
ωth(q = 0) is the same as the threshold energy of the continuum spectrum of the renormalized
b-Boson self-energy in eq. (3.3), since γ = −ImΣ = g2r ImΠ˜(iνn → ω + iδ) ∝ ImΠ(ω + iδ).
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When a stable b-Boson at ωq=0 = 0 is excited to a state with energy E ≥ ωth, this excited
b-Boson will decay into two Fermi atoms lading to a finite lifetime for this excited state. We
conclude that ωth(q = 0) = Ebinding, i.e., the particle-particle threshold energy ωth(q = 0) is
equal to the binding energy of a stable two-particle bound state.
Since the chemical potential µ approaches ν in the BEC limit as shown in Fig. 4(b),
we find from eq. (5.14) that Ebinding → 2|ν| in this regime. This energy 2|ν| is just equal
to the energy needed to transfer a free b-Boson at the bottom of the Bose energy band
(E0
q=0 + 2ν = −2|ν|) to two Fermi atoms with zero energy (2εq=0 = 0). This result is
consistent with the fact that the preformed Cooper-pair component in the bound state is
absent in the BEC limit, leaving the b-molecule component.
The binding energy of the preformed Cooper-pair in the strong-coupling BEC regime has
been also discussed in superconductivity, [12,14,15,39] and it is useful to understand how
the present results are related to this previous work. To see this, let us recall the cutoff-free
equation for Tc given by eq. (4.9). Since µ ≪ 0 in the BEC limit, one can approximately
take tanh(εp − µ)/2T = 1. Summing over p in eq. (4.9), we obtain
1 = −
(
U¯ + g¯2r
1
2ν¯ − 2µ
)m
√
2m|µ|
4pi
. (5.15)
When we write the renormalized attractive interaction as U¯eff ≡ U¯ + g¯2r /(2ν¯ − 2µ) ≡
−4pias/m, where as is an s-wave scattering length, we find |µ| = 1/2ma2s, which is for-
mally the same expression as that obtained in strong-coupling superconductivity discussions.
[14,15,39] In the present model, where the pairing interaction mediated by the Feshbach res-
onance is dominant in the BEC regime, we can neglect the non-resonant part U¯ in U¯eff .
Then in the case of ν¯ < 0, the solution of eq. (5.15) is [40]
µ
ν¯
= 1 +
m3g¯4r
64pi2ν¯
[√√√√1 + 128pi
2|ν¯|
m3g¯4r
− 1
]
. (5.16)
The right hand side of this equation is reduced to unity in the BEC limit, ν¯ → −∞, namely,
the chemical potential for the b-Boson (2µ) approaches the (renormalized) threshold energy
2ν¯, as one expects.
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The relation between µ and the binding energy of a bound state in a two-particle system
can be also obtained by extending the previous discussions given in the superconductivity
case. [14,15,39] When we consider two Fermi atoms in a vacuum and employ relative coor-
dinates, the scattering t-matrix for one Fermi atom with reduced mass m/2 and energy ω is
given by
T (ω) =
(
−U + g2r
1
ω − 2ν
)
+
(
−U + g2r
1
ω − 2ν
)∑
p
1
ω − 2εp
(
−U + g2r
1
ω − 2ν
)
+ · · ·
= − U + g
2
r
1
2ν−ω
1 −
(
U + g2r
1
2ν−ω
)∑
p
1
2εp−ω
. (5.17)
The q = 0 two-particle bound state is given by the pole of T (ω), namely
1 = U ′eff
∑
p
1
2εp − ω , (5.18)
where U ′eff ≡ U + g2r/(2ν−ω). When we renormalize the interaction in eq. (5.18) as we have
done to obtain eq. (4.9), eq. (5.18) is reduced to
1 = U¯ ′eff
∑
p
[ 1
2εp − ω −
1
2εp
]
, (5.19)
where U¯ ′eff ≡ U¯ + g¯2r /(2ν¯ − ω), in which the renormalized variables are given in eq. (4.10).
This equation is the same as eq. (5.17) in the BEC limit (µ≪ 0, where tanh(εp−µ)/2T → 1)
when we replace ω → 2µ. Thus the energy of the bound state is related to the chemical
potential by the relation ω = 2|µ|, which is consistent with our earlier result in eq. (5.14).
VI. STRONG COUPLING EFFECT ABOVE TC
A. BCS-BEC crossover effect on the atomic density profile
As expected, the change of the character of the particles from the Fermion to Boson
in the BCS-BEC crossover shown in Fig. 4(c) strongly affects the density profile of atoms
in the trap. This is shown in Fig. 7(a). In the BCS regime, the density profile is spread
out, as shown by result for ν = εF. In this regime, the density profile is mainly composed
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of Fermi atoms, and the Pauli exclusion principle between Fermi atoms effectively acts as
a repulsive interaction. This pushes the atoms away from the center of the trap. As the
system approaches the BEC regime (ν < 0), the number of stable Bosons gradually increases
and thus the repulsive effect of the Pauli exclusion principle becomes less important. As
expected for Bosons, the particles are now seen to cluster near the center of the trap as ν
is lowered, as shown by Fig. 7(a) [see also the inset in Fig. 7(a) for ν = 0]. These results
indicate that the easily measured atomic density profile may be a very useful signature in
looking for the BCS-BEC crossover phenomenon experimentally, especially as one gets close
to Tc.
We note that the atomic density profile shows a steep decrease near the trap center at
Tc (Fig. 7(a)), but this is absent at T = 1.5Tc (Fig. 7(b)). The cusp-like behavior at Tc
originates from the Boson component (NB and NC) in the density, as shown in the inset in
Fig. 7(a). In the extreme BEC limit, since the gas is described by N/2 free Bose gas in a
trap, the density of atoms is proportional to g3/2(z(r)), [38] where g 3
2
(z) ≡ ∑∞n=1 zn/n3/2 and
the fugacity is z(r) ≡ e(2µ−2ν−2Vtrap(r))/T . At Tc, since the BEC is realized when the chemical
potential of Bosons (2µ) reaches the bottom of the Boson excitation spectrum (2ν), we find
z(r) → 1 at the trap center. From the well known behavior of g3/2(z) at z = 1, the atomic
density profile shows a finite slope at r = 0 at Tc. In contrast, this sharp cusp at the trap
center is absent for temperatures above Tc, where 2µ < 2ν and hence the fugacity z(r) is no
longer close to unity. [38] We also show in the inset in Fig. 7(b) the density profile above
Tc when the temperature is fixed as T = 0.75TF. In this case, the density profile becomes
more spatially diffuse as ν is increased. This is because of the increasing dominance of the
Fermions and the resulting enhancement of the effect of the Pauli exclusion principle.
B. Crossover from a Fermi gas to a Bose gas above Tc
It is useful to clarify when and how the stable Bosons (Nγ=0B andN
γ=0
C ) at Tc shown in Fig.
4(c) disappear as the temperature is increased above Tc. Figure 8(a) shows the temperature
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dependence of the number of particles above Tc (for ν = 0). The number of stable Bosons
(Nγ=0B and N
γ=0
C ), as well as the finite lifetime Bosons (N
γ>0
B ) and the scattering contribution
(N scC ), are found to all decrease at higher temperatures. This result is also obtained when
ν < 0. Thus only the free Fermi atoms contribute at higher temperatures well above Tc.
The reason that the Fermi atom contribution dominates at high temperatures has a
very simple explanation in the difference of the chemical potentials between a Fermi atom
(µF = µ) and a b-Boson (µB = 2µ). As the temperature is increased, the chemical potential
µ must decrease so as to conserve the total number of atoms [N=(Fermi atoms)+2×(Bose
molecules)], as shown in Fig. 8(b). Thus for T ≫ Tc, the Boson excitation energy E0q+2ν−2µ
always increases faster than the excitation energy of the Fermions εp −µ, simply due to the
factor two in front of µ in the Bose excitation energy. As a result, the occupation of the
Bose band always approaches zero for T ≫ Tc, even though the Bosons can be the dominant
excitation at Tc in the BEC regime.
However, Fig. 8 still shows that there is a significant region above Tc where the number
of long-lived Bosons is substantial. It is thus useful to define a “crossover temperature” T ∗
which separates the Fermi gas and the Bose gas regimes, even though the increase in the
number of stable Bosons occurs continuously. We define T ∗ as the temperature at which
Nγ=0B = 0.05, or when 10% of the Fermi atoms combine to form stable b-molecules (Fig. 9).
Figure 9 shows that T ∗ rapidly increases when ν is small or negative, for which case stable
Bosons appear at Tc (ν/εF <∼ 0.18, for the parameters used). Even for ν ≃ 0, T ∗ ∼ εF is
considerably larger than Tc. Since this “Bose gas regime” lying between Tc and T
∗ is fairly
wide, one might expect to observe the formation of the stable molecules somewhat above Tc
if we can decrease the threshold energy 2ν enough, namely to values where the superfluid
transition at Tc would be of the BEC type (see Fig. 4).
Figure 10 compares the temperature dependence of the number of particles and the chem-
ical potential (lines in the figure) for ν = −εF with the case of a free (U = gr = 0) Fermion-
Boson mixture (filled circles and squares). In the non-interacting Fermion-Boson mixture,
we only impose the constraint that the total number of atoms is conserved [N=(Fermi
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atoms)+2×(Bose molecules)]. Figure 10 shows that deep in the BEC regime (ν = −εF),
this constraint alone determines the temperature dependence of the number of particles and
the chemical potential. As far as these quantities are concerned, the effect of including the
interaction gr and U is clearly negligible.
VII. THE CASE OF STRONG FESHBACH COUPLING
In all of the numerical results presented so far, we have considered the case of a weak
Feshbach coupling described by gr = 0.6εF. In this regard, recent calculations have argued
that strong coupling (gr ≫ εF) was a more realistic description of Feshbach resonances
observed in ultracold gases. [9,16,17] In this section, we investigate what arises in this strong
Feshbach coupling regime, although the present treatment of fluctuations implicitly assumes
a weak Feshbach coupling. We present some numerical results for Tc in the limit of a large
Feshbach coupling (broad resonance) for a uniform gas. In this regard, we note that our
analysis in the present paper and in Ref. [11] has shown that the BCS-BEC crossover in a
trap is very similar to that in a uniform gas, at least for the case of weak Feshbach coupling.
Figure 11 show the BCS-BEC crossover in the case of gr = 20εF ≫ εF. Figures 11(a)
and 11(b) show that the crossover behavior already occurs around ν = 150εF, which is much
higher than εF. Results similar to this are presented in Ref. [17]. Since the bottom of the
Bose excitation spectrum 2ν is then still much higher than the Fermion band, the Feshbach
related b-Bosons described by NB = N
γ=0
B +N
γ>0
B are almost absent in this crossover regime,
as shown in Fig. 11(c). The high-energy b-Bosons only contribute to virtual scattering
processes involving Fermions, which mediate the pairing interaction between Fermi atoms.
Thus, when the Feshbach coupling gr is very strong, the character of the BCS-BEC crossover
becomes identical to that in the case of strong-coupling superconductivity as discussed by
Nozie`res and Schmitt-Rink. [12] The fact that the crossover to the BEC region occurs at such
large values of 2ν is easy to understand. Since the chemical potential µ is always of order
of εF or less, at large values of 2ν and gr, we have Ueff = U + g
2
r /(2ν − 2µ) ≃ g2r/2ν. Since
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the strong-coupling effect should be most pronounced when Ueff becomes comparable to εF,
the BCS-BEC crossover will occur at Ueff ∼ εF, which gives 2ν ∼ g2r /εF. For gr = 20εF, this
predicts that the crossover will occur at ν ∼ 200εF, consistent with the numerical results in
Fig. 11(a).
That the case of a very broad Feshbach resonance (gr ≫ εF) is equivalent to the case
studied in Ref. [12,15] is also shown clearly by the fact that stable preformed Cooper-pairs
are the dominant excitation [see Fig. 11(c)] in the crossover region at ν ∼ 150εF. The
Feshbach b-molecule component only becomes dominant when ν <∼ 0. This result is in
contrast to our results for a weak Feshbach coupling gr = 0.6εF as shown in Fig. 4. In that
case, the b-molecule becomes the dominant component at the BCS-BEC crossover.
Figure 12 shows the total number of composite Bosons NM ≡ Nγ=0B +Nγ>0B +Nγ=0C +N scC
as a function of ν, for gr = 20εF. Although the individual Cooper-pair components N
γ=0
C and
N scC show [see Fig. 11(c)] singular behavior in the BCS-BEC crossover regime (at ν ∼ 150εF),
NM itself increases smoothly as the threshold energy is decreased.
Since the BCS-BEC crossover around ν = 150εF shown in Fig. 11 is intrinsically the same
phenomenon as discussed by Nozie`res and Schmitt-Rink, [12] the origin of the small peak in
Tc shown in Fig. 11(a) is the analogue of the one formed also in the case of strong-coupling
superconductivity. [12,14,15] However, Haussmann [41] showed that the slight peak in Tc
obtained at the BCS-BEC crossover in strong-coupling superconductivity disappears when
one includes higher order scattering processes beyond the simple t-matrix approximation,
such as used in the present paper. Thus, we regard the small peak Tc in Fig. 11(a) as
probably an artifact of our simple t-matrix approximation. As in the weak Feshbach coupling
case shown in Fig. 4, we expect that the maximum transition temperature Tc will again be
given by the BEC expressions in eqs. (4.12) and (4.13).
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VIII. SUMMARY
To summarize, we have extended our recent work [11] and investigated the effect of
particle-particle fluctuations in conjunction with an atomic Feshbach resonance on the
superfluid phase transition in a gas of Fermi atoms in a harmonic trap, using a simple
LDA approach. The BCS-BEC crossover predicts a maximum transition temperature of
Tc = 0.518TF, somewhat larger than Tc = 0.218TF in a uniform gas. [11] In the BEC regime,
the excitation spectrum is dominated by the stable long-lived Feshbach-related molecules
in the case of a small Feshbach coupling parameter gr. This is in contrast with results for
the BCS-BEC crossover with no Feshbach resonance, [12,15] where the preformed Cooper-
pairs are the dominant bound states. For a very broad Feshbach resonance (gr ≫ εF) as
studied in Refs. [9,16,17], we find that the crossover region is also dominated by preformed
Cooper-pairs.
The BCS-BEC crossover is shown to strongly affect the atomic density profile in the trap,
which can be measured. In the BCS regime, where Fermi atoms are dominant excitations,
the spatial distribution of the atoms is spread out from the trap center due to the Pauli
exclusion principle. The atoms increasingly cluster at the center of the trap as the threshold
energy of b-Bose excitation spectrum is lowered and the the number of stable composite
Bosons increases.
In the BEC regime, we show that stable molecules can exist above Tc. As the temper-
ature increases, however, the number of these Bosons decreases. We introduce a crossover
temperature T ∗ defined as the temperature above Tc at which 10% of the Fermi atoms have
formed long-lived b-molecules. Plotting T ∗ as a function of the threshold 2ν gives a sort of
“phase diagram” in the normal phase which may be useful in experimental searches for the
BCS-BEC crossover.
The experimental observation of Cooper-pairs in trapped Fermi gases will be a very
exciting milestone in physics. What makes this topic even more interesting is the possibility
that we can observe the BCS-BEC crossover in such systems. As we have shown in this
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paper, this crossover involves very interesting physics and, moreover, it leads to characteristic
changes in the properties of the trapped gas. The changes in the atomic density profile may
provide a crucial experimental signature for the existence of Cooper pairing and superfluidity.
We will discuss the BCS-BEC crossover in the superfluid region below Tc in a future
paper. In particular, we will discuss how the collective modes vary as we pass through the
crossover region. [42]
ACKNOWLEDGMENTS
The authors would like to acknowledge useful discussion with M. Holland and J. Milstein
concerning Refs. [16,17]. Y. O would like to thank Professor S. Takada for valuable discus-
sions, as well as financial support from the Japanese Government while a visiting professor
at the University of Toronto. A.G. acknowledges support from NSERC of Canada.
33
APPENDIX A: CALCULATION OF FLUCTUATION CONTRIBUTION TO THE
NUMBER OF FERMI ATOMS
The density of atoms associated with fluctuations given by δNFL(r) in eq. (2.19) can be
split into two contributions [using eq. (2.17)], [43]
δNFL(r) =
1
β
∑
q,νn
eiνnδ
U
1− UΠ
∂Π
∂µ
− 1
β
∑
q,νn
eiνnδ
∂
∂µ
ln[1 + g2rD0Π˜]. (A1)
Since the second term involving ∂
∂µ
ln[1 + g2rD0Π˜] goes as ν
−2
n in the large νn limit, the
convergence factor eiνnδ has no effect. However, this convergence factor cannot be dropped
in the first term in eq. (A1), because the quantity U
1−UΠ
∂Π
∂µ
only goes as ν−1n for large νn. In
numerical calculations, it is difficult to sum up the Matsubara frequencies directly taking
into account the convergence factor involving a infinitesimally small number δ. One method
to avoid this difficulty is to employ a spectral representation as carried out by Nozie`res and
Schmitt-Rink. [12] However, this method requires high numerical accuracy in executing the
resulting energy integration. We used a different approach.
To calculate the first term in eq. (A1) [≡ δN (1)FL (r)] without employing a spectral repre-
sentation, we compare δN
(1)
FL (r) to the expression without the convergence factor,
δN
(2)
FL (r) ≡
1
β
∑
q,νn
U
1− UΠ
∂Π
∂µ
. (A2)
This quantity is easy to calculate numerically. When we transform the summation over the
discrete Matsubara frequencies into an integral in the complex plane in the usual way, we
obtain


δN
(1)
FL (r) =
1
2pii
∑
q
∫
C0
dzeδznB(z)
U
1− UΠ(iνn → z)
∂Π(iνn → z)
∂µ
,
δN
(2)
FL (r) =
1
2pii
∑
q
∫
C0
dznB(z)
U
1 − UΠ(iνn → z)
∂Π(iνn → z)
∂µ
,
(A3)
where the path C0 is shown in Fig. 13. we are allowed to add the circular contours C1 and
C2 for the integration in δN
(1)
FL (r) without changing the result, because the contributions
from C1 and C2 vanish in the large radius limit (R → ∞) due to, respectively, the factors
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nB(z) and e
δz. The integration in δN
(1)
FL (r) is thus reduced to summing up the poles inside
the closed contours C0 + C1 and C0 + C2 shown in Fig. 13.
We next show how δN
(1)
FL (r) is related to δN
(2)
FL (r) defined in eq. (A2). First, we note that
when dealing with δN
(2)
FL (r), the integration along the path C2 gives a finite contribution
when we add the paths C1 and C2 due to the absence of the convergence factor. However,
if we write the integration in δN
(2)
FL (r) as
∫
C0
dz =
∫
C0+C1+C2
dz −
∫
C2
dz, (A4)
we find that the first term can be calculated by summing up the contribution from the poles
inside the closed paths C0 + C1 and C0 + C2, and the result is identical to δN
(1)
FL (r). The
last term in eq. (A4) [≡ δN corrFL (r)] can be evaluated to give, in the limit R→∞,
δN corrFL (r) = −
U
2pi
∑
p,q
e−ε
2
p/ω
2
c
∫
C2
dθ
[∂f(εp+q/2 − µ(r))
∂µ
+
∂f(εp−q/2 − µ(r))
∂µ
]
= U
∑
p,q
e−ε
2
p/ω
2
c
∂f(εp+q/2 − µ(r))
∂µ
. (A5)
Here, e−ε
2
p/ω
2
c is the Gaussian cutoff introduced in Section IV, and we have used eq. (2.8)
and changed the integration variable using z = Reiθ. Thus we have shown that δN
(1)
FL (r)
involving the convergence factor is related to N
(2)
FL (r) without the convergence factor by
δN
(1)
FL (r) = δN
(2)
FL (r)− δN corrFL (r). (A6)
Using this expression, we can calculate δN
(1)
FL (r) numerically by evaluating the simpler ex-
pression δN
(2)
FL (r).
The essence of this prescription may be easily understood from the following example:
Consider the two quantities:


N
(1)
B (q) = −
∑
νn
eiνnδ
1
iνn − Eq ,
N
(2)
B (q) = −
∑
νn
1
iνn −Eq .
(A7)
In this case, the frequency sum in N
(1)
B (q) can be easily done analytically and reduced to
the Bose distribution function nB(Eq). The sum in N
(2)
B gives
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N
(2)
B (q) =
∑
νn
Eq
ν2n + E
2
q
=
1
2
coth
βEq
2
. (A8)
The contribution from C2 in the last term in eq. (A4) is given by
δN corrB ≡ −
1
2pii
∫
C2:R→∞
dz
1
z − Eq =
1
2
. (A9)
Thus we can easily verify that N
(1)
B = N
(2)
B − δN corrB , as in eq. (A6).
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FIGURES
FIG. 1. Generalized t-matrix approximation for the particle-particle scattering vertex function
Γ(p+,−p−, p′+,−p′−). The solid and dashed lines represent the one-particle thermal Fermion Green
function G0 and Boson Green function D0, respectively. The first line includes the ladder processes
associated with the direct pairing interaction −U . The second line includes the effect of the
Feshbach resonance with the coupling gr. The shaded bubble in the second line includes the ladder
diagrams shown in the third line.
FIG. 2. Fluctuation contributions to the thermodynamic potential Ω. (a) Ladder diagrams
associated with the direct pairing interaction −U . (b) Diagrams arising in the presence of the
Feshbach resonance. The shaded bubble is the same as in Fig. 1.
FIG. 3. (a) Renormalization of the non-resonant pairing interaction −U , as given in eq. (4.4).
The solid line with solid circle means the Fermion Green function in the high-energy region [ωc, Ec].
(b) Renormalization of the Feshbach resonance coupling gr, which is described by the three point
vertex correction. (c) Renormalization of the threshold energy 2ν associated with the self-energy
correction.
FIG. 4. BCS-BEC crossover in a trapped Fermi gas, for the parameters U/εF = 0.3 and
gr/εF = 0.6. (a) The superfluid phase transition temperature Tc as a function of ν. In this figure,
BCS is the result neglecting particle-particle fluctuations while BEC is the value for Tc for a gas
of N/2 Bosons of mass M = 2m. (b) The chemical potential µ at Tc as a function of ν. The
dashed line (2µ = 2ν) shows the chemical potential for a trapped gas of N/2 b-Bosons. (c) Change
in the character of particles through the BCS-BEC crossover region. We note that scattering
contribution N scC becomes negative below ν/εF ≃ 0.18, where the stable Feshbach molecule (Nγ=0B )
and preformed Cooper-pair (Nγ=0C ) components first appear. The sum N
γ=0
C +N
sc
C is positive.
FIG. 5. The spectral density ρB of the renormalized Bose Green function D˜, for T = Tc and
r = 0 and q = pF , where pF is the Fermi momentum for a free gas of N/2 spin up Fermions. In
each panel, the inset shows the frequency dependence of the damping γ(ω).
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FIG. 6. The number of Bosons NM [see eqs. (3.16) and (3.17)], as a function of the threshold
energy ν. The number of Fermi atoms N0F is also shown.
FIG. 7. Atomic density profile at Tc as a function of position in the trap in the BCS-BEC
crossover. (a) T = Tc. (b) T = 1.5Tc. Inset in Fig. 7(a): Density profiles of N
0
F(r), N
γ=0
B (r)
and Nγ=0C (r) at T = Tc in the case of ν = 0. Inset in Fig. 7(b): Density profile above Tc when
the temperature is fixed as T = 0.75TF. These results are for U/εF = 0.3 and gr/εF = 0.6. The
number density of atoms N(r) is related to the total number of atoms N as N =
∫
drN(r). One
Boson counts as two Fermi atoms in this figure. We note that different temperatures are used for
the three cases (ν/εF = ±1, 0) in Fig. 7(b). Since Tc increases as ν is lowered [see Fig. 4(a)],
the temperature for ν = εF in Fig. 7(b) is the lowest among the three cases plotted. As a result,
the spatial diffusion of atoms in the density profile originating from the increase of the (averaged)
kinetic energy of atoms due to a finite temperature is weakest in the case of ν = εF and hence the
density profile at the trap center is largest.
FIG. 8. (a) The number of particles above Tc when the threshold energy is zero, for U/εF = 0.3
and gr/εF = 0.6. (b) Temperature dependence of the chemical potential µ above Tc.
FIG. 9. Schematic phase diagram for Bose molecule phase. For a given value of ν, the temper-
ature T ∗(ν) is defined where the number of stable Feshbach molecules Nγ=0B equals 0.05N . These
results are for U/εF = 0.3 and gr/εF = 0.6. Above T
∗(ν), the system can be regarded as a gas of
Fermi atoms, while below this temperature, one has an increasing fraction of pairing into stable
molecules. The number of stable Feshbach molecules and the preformed Cooper-pairs at Tc are
also shown.
FIG. 10. (a) The number of Fermi atoms N0F and the stable Feshbach molecule component
Nγ=0B for temperatures above Tc, for ν = −εF. (b) The chemical potential µ above Tc. The lines
show the results for U/εF = 0.3 and gr/εF = 0.6. The circles and squares are the results for a
non-interacting Boson-Fermion gas (U = gr = 0) but with the constraint that the total number of
the particles N =[Fermi atoms+2×Bose molecules] is fixed.
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FIG. 11. BCS-BEC crossover in a trapped Fermi gas in the case of a strong Feshbach coupling
gr/εF = 20. We take U/εF = 0.3. (a) Tc as a function of ν. (b) The chemical potential µ at Tc.
(c) Change of the character of particles through the BCS-BEC crossover. The number of stable
Cooper-pairs Nγ=0C exceeds N/2 (= 0.5N) around the sharp peak shown in panel (c). However this
is canceled by the negative value of the scattering contribution N scC . The total number of Bosons
is always smaller than N/2 (see the graph of NM in Fig. 12).
FIG. 12. Change of the number of Bosons NM in the BCS-BEC crossover in the case of strong
Feshbach coupling, taking gr/εF = 20 and U/εF = 0.3. In this figure, the contribution from N
γ>0
B
is negligible. Compare with the analogous results for weak Feshbach coupling in Fig. 6.
FIG. 13. Path for the complex integration discussed in the Appendix. The dots show the
imaginary discrete Bose Matsubara frequencies iνn.
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